ChapterD

Capacitance

Blinn College - Physics 2326 - Terry Honan

A capacitor is just any configuration involving two conductors. Begin with the two conductors neutral and then connect some DC voltage
source (a battery, for instance) with a voltage V = |AV/| across them. Charge will flow until an electrostatic state is reached. The conductor
connected to the positive terminal will gain some charge +Q and the other will gain charge —Q.
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There is a proportionality between charge and voltage. To see this, write the potential in terms of some charge distribution V = k, f dq|r;if we
double all the charge dq - 2 d g then the voltage will double. Define the capacitance as the constant of proportionality between a charge Q and
voltage V.

Q = CV (Cis the capacitance.)

The capacitance between any pair of conductors depends on the geometry of the conductors, meaning that it depends on their size, shape,
relative orientation and relative distance. We can measure the capacitance for any configuration but we can only calculate it in simple cases of
symmetry. Here, the only cases we will calculate are those where there is sufficient symmetry to use Gauss’s law to get the electric fields.

Units: The SI unit for Capacitance is: farad =F=C/V

We denote capacitors and DC voltages sources in a circuit diagram as:

C
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D.1 - Calculations of Capacitance

—

The symmetric cases we will consider will involve the three symmetries we used in Gauss's law: spherical, cylindrical and planar symmetry.
The general procedure we will use is:

Gauss'slaw _, AV=—[Edr
auss' s law P f v

We will assume here that there is a vacuum between the conductors. Later we will see that adding a medium between the conductors will
enhance the capacitance. We will denote the empty capacitance by Cg.

The Parallel Plate Capacitor
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Parallel-plate Capacitor: Field lines are blue. Equipotentials are red. Integration path is green

There is a pair of parallel plates with cross-sectional area A separated by d. We assume that d is small compared to the smallest linear
dimension in A. For instance, if the cross-section is circular the separation is small compared to the radius and if rectangular it is small com-
pared to the smaller of the length and width. The electric field is perpendicular to the plate and the equipotentials are parallel to the plates.

Using Gauss's law we related the field at the surface of a conductor to the surface charge density

o Q Q
E=— and 0=— = E=—.
€0 A &0 A
The voltage is the potential difference. Consider a path A 7 between the plates in the direction opposite to the field.
I Q
V=AV=-FE-A7=Ed=——4d
g A
Using the definition of capacitance Q = C V we can find C.
g A
Co=——
d

The Spherical Capacitor
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Parallel-plate Capacitor: 3D picture left and cross-section right.
Field lines are blue. Equipotentials are red. Integration path is green

A spherical capacitor consists of an inside conducting sphere of radius a sitting inside an outside conducting sphere with an inside radius b,
concentric with the first surface. (Note that the outside radius of the conductor doesn't matter.) Connect the inside conductor to the positive

terminal of the DC voltage source and the negative terminal to the outside conductor. The inside conductor gains charge +Q and the outside
gains —Q.

First we use Gauss's law to give the field from the charge. For any case of spherical symmetry Gauss's law gives E =k, Q ~ . For
g & y P Y y g enclosed "3

a<r<bweget Ocnclosed = Q- The voltage of the source, V, will be the potential difference when moving from b to a. Choose the contour of
integration of the potential to be along a radius from b to a.

. a 0 1 1
V=AV:—fE-cﬁ:—f ke—zdr:keQ(———]
b

r a b
The definition of capacitance Q = Cq V gives Cy.

The Cylindrical Capacitor
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Cylindrical Capacitor: Field lines are blue. Equipotentials are red. Integration path is green

A cylindrical capacitor consists of a long cable of length ¢ with an inside cylindrical conductor of radius a and an outside cylinder with an
inside radius of . Once again we will connect the inside conductor to the positive terminal and the outside to the negative. The inside gets
charge +Q and the outside gains —Q.

S . = r . .
Gauss's law for cylindrical symmetry gives E = 2; Cenclosed/! 7. As with the spherical case, for a <r <b we get Qepclosed = @- and
TEY r

we will integrate radially inward from b to a.

- a 1 Q/f o/t b
V:AV:—fE-d?:—]Z; ——dr= In —

2rney 1 2rney  a

Solving for the capacitance gives
2regt
0=—-
In(b/a)

Example D.1 - Cylindrical Capacitor

An empty long coaxial cable has an inside conductor with a 1.2 mm radius and an outside conductor with an inside radius of 1.4 mm and
outside radius of 1.6 mm. If it is connected across a 12 V battery then what is the charge per length on the conductors?

Solution

The coaxial cable is a cylindrical capacitor. We do not know its length ¢, but the capacitance and thus the charge will be
proportional to the length and will then cancel out when we find the charge per length.

c2
a=12mm, b=14mm, V=12V and g =885x10"12 ——
N-m?
Note that the outside radius of the outside conductor is irrelevant. Take the length to be ¢, we can then find the capacitance and
charge
2reg !l 10 F 9 C
C=Ch=—=19329x107" —x{ = Q0=CV=231x1077 —x/
In(b/a) m m

and then the charge per length.

C
0/t =231x1077 —
m
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Capacitance of a Single Sphere

We have defined capacitance as a property of two conductors but we can define it for a single conductor as well. To do this imagine the
second conducting surface to be a sphere at infinity. As an example, consider a single conducting sphere of radius R. Inserting a = R and b = oo
into the spherical capacitor formula gives the capacitance of a single sphere.

R
Cop=—
ke
D.2 - Energy
Energy in Capacitor
>77d“‘.q\‘k;;
-q q

Move charges from one plate of a capacitor to the other, varying the charge g on the plates from 0 to O, 0 <g < Q. The voltage as a
function of charge is V(g) = ¢/C. When a charge dg is moved across a voltage V the change in energy is dU = V(q) dq. Integrating gives the

2

0 0 4 0
sz V(q)d"q=f —dg=—
0 0 C 2C

Since Q = C'V we can rewrite the expression as

total energy.

L, 0% 1
2 2C 2

Example D.2 - Energy in a Spherical Capacitor

An empty spherical capacitor has an inside conductor with a 3.5 cm radius and an outside conductor with an inside radius of 4.2 cm.
When connected across a 9.0 V battery then what is the energy stored in the capacitor?

Solution

9 N- m?
=899x 107 ——
47 c?

a=0035m, b=0042m, V=90V and k.=

We can find the capacitance and then the energy

i 1
C=Cp=——=23359x1001F = U=-CV?2=946x10"10]

ke(l _ l) 2

Energy in an Electric Field

The energy in a capacitor is stored in the electric field between the plates. In general, wherever there is an electric field there is energy
stored in that field. The energy density u is the energy per volume. We will derive an expression for the energy density in a field by using what

A
we know about capacitors. In a parallel plate capacitor Cy = 807 and V = E d giving the energy is
1 1 gA
U=-CyV?=- — (Ed)>.
2 2 d
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The volume between the plates is A d giving u = A—Ud and thus

1
u:—sOEz.
2

Self-Energy of a Point Charge

We can calculate the energy in the field of a point charge. It is a surprising and somewhat disturbing fact that this self-energy of a point
charge is infinite. To calculate this we will consider a conducting sphere of radius 6. This will be finite and a point charge will correspond to the
6 — 0 limit. The magnitude of the field for a conducting sphere with charge Q is

0
E=k,— forr>¢
r2
E=0 forr<d¢

The total energy in the field can be found by integrating the energy density over all of space. Since the field varies only with r we can integrate

over concentric spheres. The volume element is d Volume =4 x r2ar.

&0 )
Us(Q)= | udVolume = — | E“dVolume
2

B (o QVF, 5 keQ podr
= — ke — | 4nr=dr= f—
g

2 Jo r 2 r2
ke O
20
An alternative and simpler derivation of this is to consider the sphere a capacitor with charge Q.
5 o8 ke 07
Co=—andU =—— = Us(Q) =
ke 2Cy

It is clear from the above expression that the energy in the field of a point charge is infinite
lim Ug(Q) = oo.
6-0

How can this make sense? Recall that with potential energy in general, the zero of energy is arbitrary. Energy differences are the important
quantities. Let us consider the energy difference between two point charges Q1 and Q; a distance r apart and the self-energies of the two
charges separately. To keep things finite, consider two small conducting spheres of radius ¢ separated by r. Define Us(Q7 , Q7 ; r) as the energy
of two conducting spheres of radius § with charges Q| and Q) separated by r as a distance between their centers. It is beyond the scope of this
class to calculate this energy, Us(Q1 , Q2 ; 1), but proper calculation shows that it is also infinite in the 6 » O limit. It can also be shown that the
self energies of the two charges is subtracted from the energy of the charges at a distance r we get: a result which is finite in the 6 - 0 limit

0102
[Us(Q1, Q2: 1) = Us(Q1) — Us(Q2)] = ke .

lim
6-0 r

This is just the potential energy of a two charge configuration.

D.3 - Electric Dipoles

An electric dipole is some charge configuration with a net separation of charge but zero net charge. We saw the field for a dipole in
Chapter A. Here we want to quantify the strength of a dipole by defining an electric dipole moment p.

Electric Dipole Moment
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There are two charges +Q and —Q. Define the vector pointing from the negative charge to positive charge as d. Define the electric dipole
moment by

p=0d.
Note that if the charge is doubled while the distance is halved the dipole moment stays fixed. If we take the limit as the distance d goes to zero

while keeping p fixed, so Q becomes infinite, we get a point dipole. Many molecules have dipole moments. The field diagrams show different
configurations with the same dipole moments but with decreasing d values.

PEK
o
8

For instance, in a water molecule the electrons from the hydrogen tend to spend time around the oxygen; this makes the oxygen side negative
and the hydrogen side is positive. A water molecule has some measurable dipole moment.

When placed in an electric field there is a force on the positive charge in the direction of the field and a force on the negative charge
opposite the field. This creates a torque causing the dipole to rotate until aligned with the field.

Torque and Potential Energy
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An electric dipole in some uniform electric field will give zero net force, but there is a net torque. The torque at some position 7 is given by

7 =7xF. Torque depends on the choice of origin, however the net torque in the case of zero net force is independent of the choice of origin.
Here we want the net torque on the dipole.

=) T =i xFy 4 PoxFo =7y x(QE) +7-x(~QE)
= (s ~7)xQE =dxQF

The definition of the dipole moment gives

T=px E.
The torque becomes zero when the dipole is aligned with the field. This is the equilibrium position.
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The equilibrium position is the position of lowest potential energy. To get an expression for the potential energy fix the position of the
negative charge and rotate the positive charge on a circle of radius d. Since the force on the positive charge is constant the change in potential
energy is given by

AU = -F-A7=—FAr,,

where Ar, is the component of A 7 in the direction of the field. If we define the zero of potential energy to be where the d vector is perpendicu-
lar to the field then the Ar, measured from the zero position is given by Ar, = d cos 6, where 6 is the angle between the dipole and the field.

U=-Fdcosl=-F-d=-QE-d

Using the definition of the dipole moment gives

U=-E-p.

Example D.3 - An Electric Dipole in an Electric Field
An electric dipole consists of charges +55 uC separated by 2.4 cm. It sits in an electric field of magnitude 250 V /m.

(a) What is the dipole moment (magnitude)?

Solution

We are given Q and d so it is a simple calculation.



Chapter D - Capacitance |9

0=55x10°Cand d=0024m = p=0Qd=132x10"°C-m

(b) What is the maximum torque on this dipole in this field?

Solution

The electric field magnitude is given

E=250V/m
Recall that the magnitude of the cross product is: ||K x F” = ABsind., so its maximum value is A B when 6 = 90 °.

?=pxE = t=pEsind = tmax =pE=359%x10"°N-m

(c) What work is required to rotate the dipole from a position aligned with the field to a position opposite the field?

Solution
The potential energy of a dipole in a field is
U=-E-p=-Epcost

In the previous chapter we discussed that the work to move a charge against a field is W = AU. Here we are rotating the dipole
from 6 =0to 6= 180°.

W =AU = Uf—U,-:—Epcos(180°)——Epcos(O):2Ep:7.18><10_6J

D.4 - Dielectrics

Dielectrics and Polarization Charge

A dielectric is a medium placed between the conductors of a capacitor. A dielectric will enhance capacitance. It is either the polar nature of
the molecules or their capacity to be polarized that makes a dielectric. A good dielectric is one with strongly polar molecules. The alignment of
dipole moments inside a dielectric creates a polarization charge. When the dipoles align, as in the diagram below, the interior positive and
negative charges cancel creating the equivalent of long dipoles across the dielectric. This is equivalent to a buildup of charges on the sides of the
dielectric; this effective charge is called a polarization charge. We will see that this has the effect of diminishing an electric field inside a
dielectric.

€ ) - +
e > - +
e ) g ¥
e > s ¥
e > s ¥
€ ) - +
€ D - +
c > g ¥
c > - ¥
c > u ¥
= ¢ > — - ¥
e > g ¥
e ) g ¥
e > s ¥
e > s ¥
E D D _De_BC_® € ) - +
€ D - +
c > g ¥
c > - ¥
e > B ¥

Dielectrics and Capacitance

Begin with a parallel plate capacitor with a uniform field magnitude E( between the plates. The field is related to the charge and charge
density between the plates by
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g €A

If a conducting slab is placed between the plates the field inside the conductor will be £ = 0. For this to happen charge in the conductor moves
to the edges to cancel the charge in the capacitor. If a dielectric slab is placed between the plates the alignment of the dipoles is equivalent to a
partial shielding of the capacitors charge and the field in the slab is diminished to a smaller value E < E(y. The dielectric constant « is defined as
the constant « = 1 given by

Now take the added slab to fill the entire region between the plates while the charge on the plates is held constant. (This is done by
disconnecting the capacitor from any voltage source.)

0=0p

Voltage is related to the field by the standard relation AV = - [ E-d#, which in this case becomes V = Ed; this implies that the voltage changes
as the slab is added.

Yo
V=EdandVy=Eyd = V=—
K
0 Qo
C=—andCy=— = C=«(y
\%4 Vo

This is the main result; adding a dielectric between the conductors enhances the capacitance by a factor called the dielectric constant k. The
dielectric constant is a material dependent constant.

Material Dielectric Constant — «
Vacuum 1 (exact)
Dry air (1 atm) 1.00059
Teflon 2.1
Mylar 3.1
Polyvinyl chloride 3.18
Glass 5-10
Water 804
Strontiun titanate 310

Dielectric Constants at 20°C (link)


http://hyperphysics.phy-astr.gsu.edu/hbase/Tables/diel.html
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Example D.4 - Parallel Plate Capacitor

A parallel plate capacitor consists of two circular conductors with a 3.0 cm radius, separated by 0.40 mm. It is filled with an unknown
dielectric. When it is connected across a 12 V car battery, 8.5 nC of charge flows to either plate.

(a) What is its capacitance?

Solution

The plate separation, charge and voltage are given. We also need the constant &.

CZ
d=040x10"3m, 0=85%x10"2C, V=12V and g =885x10"12 ——
N m?
We can find the cross-sectional area from the radius.

r=0030m = A =72 =0002874 m?

All we need to find the capacitance is V and Q.

Q -10 -10
0=CV = C=—=70833x10"10F=708x10"10F
v

(b) What is the dielectric constant for this capacitor?

Solution

Here we need the dimensions of the capacitor to find the empty capacitance.
A 11
Cop=¢ey— =62557x10"""F
d

Using the definition of the dielectric constant we can find the dielectric constant «.

C
C:KCO = k=—=113

(c) What is the energy stored in this capacitor?

Solution

These are the expressions for the energy stored in a capacitor. Since we are given Q and Vit is easiest to use the last expression.

! 8
U=-0V=51x10""]J
2



